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Abstract. Let H be a commutative Noetherian ring. We give criteria for 
flatness of ij-modules in terms of associated primes and torsion-freeness of 
certain tensor products. This allows us to develop a criterion for regularity 
if R has characteristic p, or more generally if it has a locally contracting en- 
domorphism. Dualizing, we give criteria for injectivity of ii-modules in terms 
of coassociated primes and (h-)divisibility of certain Hom-modules. Along the 
way, we develop tools to achieve such a dual result. These include a careful 
analysis of the notions of divisibility and h-divisibility (including a localization 
result), a theorem on coassociated primes across a Hom-module base change, 
and a local criterion for injectivity. 



1. Introduction 

The most important classes of modules over a commutative Noetherian ring R, 
from a homological point of view, are the projective, flat, and injective modules. 
It is relatively easy to check whether a module is projective, via the well-known 
criterion that a module is projective if and only if it is locally free. However, flatness 
and injectivity are much harder to determine. 

It is well-known that an i?-module M is flat if and only if Torf (i?/P, M) = 
for all prime ideals P. For special classes of modules, there are some criteria for 
flatness which are easier to check. For example, a finitely generated module is flat 
if and only if it is projective. More generally, there is the following Local Flatness 
Criterion, stated here in slightly simplified form (see |Mat86[ Section 22] for a 
self-contained proof): 

Theorem 1.1 ( |Gro6H 10.2.2]). Suppose that S is a homomorphism of Noe- 
therian rings, I an ideal of R such that IS C Jac(5) (the Jacobson radical of S), 
and M is a finite S -module. Then M is flat over R if and only if Ad/ IM is flat 
over R/I and Torf (i?//, M) = 0. 

For injectivity, there are very few extant tests. For general modules, there is 
the Baer criterion, which says that an i?-module M is injective if and only if 
Ext^ (i?/P,M) = for aU prime ideals P. It is well-known that a torsion-free 
module M over an integral domain R is injective if and only if it is divisible (and 
we prove a slightly more general version of this in Corollary 14. 4|) . But as most 
injective modules are not torsion-free, this criterion has limited usefulness. 

In this work, we determine criteria for flatness and injectivity by checking torsion- 
freeness, associated primes, various sorts of divisibility, and coassociated primes. 
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and then reducing to questions of flatness and injectivity over the total quotient 
ring. In particular, for reduced rings, we get criteria for flatness in terms of torsion- 
freeness and associated primes, and criteria for injectivity in terms of (h-)divisibility. 

We feel that our criteria for flatness are interesting even in the case where M 
is a finitely generated i?- module. Indeed, the first hint of Theorem 12.31 came when 
the authors lEYI were investigating certain generalizations of Hilbert-Kunz multi- 
plicity and needed a criterion to determine when certain direct summands of the 
i?-module were free, where i? is a reduced F-finite Noetherian ring of prime 

characteristic p > 0. Another application of our results to prime characteristic 
algebra (or any other situation involving a locally contracting cndomorphism) may 
be found in Section [3l culminating in Theorem l3.10l 

Here is a description of the contents of the sections to follow. 

In Section [21 we recall a standard result about a condition on associated primes 
satisfied by flat modules, and in Theorems 12.21 and 12. 3[ we show that in some sense 
this condition mostly characterizes flatness. Several characterizations for flatness 
there are given, using notions of associated primes, torsion-freeness, and certain 
tensor products. We also give an example to show that the condition on associated 
primes is not enough to guarantee flatness for non-reduced rings. 

As discussed above. Section [3] gives an application of Theorem 12.31 Indeed, 
after globalizing the notion of a locally contracting endomorphism, we exhibit in 
Theorem 13.101 equivalent conditions for regularity of a reduced ring that has a 
locally contracting endomorphism {e.g. any ring of characteristic p). 

In Section [H we discuss two non-equivalent notions of divisibility of a module: 
divisible and h-divisible modules. We recall and demonstrate some dualities with 
the notion of torsion-freeness, and we show that both of the divisibility notions 
localize over a ring without embedded primes. 

In Section [5l we recall the notions of attached and coassociated primes. In 
Theorem 15.31 demonstrate a strong dual (involving coassociated primes and 
Hom modules) to the standard result from Section [2] on associated primes and 
tensor product. 

Our final section gives criteria for injectivity. Theorem 16. II is a dual to the usual 
local flatness criterion. Theorem 16.21 gives criteria for injectivity of a module in 
terms of h-divisibility of Hom modules. The final result of this paper, Theorem l6.31 
gives a long list of equivalent conditions for injectivity (and a few conditions for be- 
ing an injective cogenerator) when a ring is reduced, making use of all the concepts 
discussed in the paper. 

2. Flatness criteria 

First, recall the following standard result (in simplified form below). Here we 
use the usual convention that AssO = 0. 

Theorem 2.1 ( |Mat86| Theorem 23.2]). Let R he a Noetherian ring, and let L, M 
he R-modules, where M is flat. 

(1) IfPe Speci? such that M/PM =^ 0, then Ass(M/PM) = {P}. 

(2) Ass(L ®R M) = UpeAssL Ass(M/PM). 

For a ring R, we say that a module M is torsion-free if every zero-divisor on M is 
a zero-divisor on R [i.e. every i?- regular element is M-regular). It is equivalent to 
say that the natural map M — )• M (g)^ Q is injective, where Q is the total quotient 
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ring of R. For a collection X of subsets of a set S, we use the notation IJ X to 
mean the union of all the elements of X. In particular, X C 2^ but [JX C S. 

Theorem 2.2. Let R be a Noetherian ring, and M an R-module (not necessar- 
ily finitely generated) . Let Q he the total quotient ring of R. The following are 
equivalent: 

(a) M is fiat. 

(h) M Q is flat over Q, and AsSfl(L (X)^ M) C Ass^ L for every R-module 
L. 

(c) M ®ii Q is flat over Q, and L (8)^^ M is torsion-free for every torsion-free 
R-module L. 

(d) M iS^n Q is flat over Q, and P (^r M is torsion-free for every P G Speci?. 

(e) M iSin Q is flat over Q, and Tot^{R/ P, M) is torsion-free for every P € 
Spec R. 

Suppose that R ^ S is a homomorphism of Noetherian rings, m £ Max(i?) , mS C 
Jac(S'), and M is a finite S-module. Then the above conditions are equivalent to: 

(d! ) M Q is flat over Q, and m M is R-torsion-free. 

(e' ) M (^rQ is flat over Q, and Torf (i?/m, M) is R-torsion-free. 

In any case, the following are equivalent: 

(i) M is faithfully flat. 

(ii) M ®ji Q is flat over Q, and Ass/j(L ®ji M) = AsSi? L for every R-module 
L. 

(Hi) M is flat and Assr(L <E)b, M) — Ass^j L whenever L is a simple R-module. 

Proof, (a) (b): This follows from the base-extension property of flat modules, 

along with Theorem 12. II 

(b) =^ (c): Suppose L is torsion-free. Let cc be a zero-divisor on L®jjM. Then 
there exists p € Assr{L i^r M) with a; e p. So x € IJ Assr{L ®r M) C [j Assr L C 
y Ass R. That is, x is a zero-divisor on R. Thus, L ®r M is torsion-free. 

(c) =^ (d): Prime ideals are obviously torsion- free. 

(d) =^ (d') and (e) =^ (e'): Trivial. 

(d) =^ (e) (or (d') =^ (e')): Fix P g Speci? (or fix P := m). Consider the 
following commutative diagram: 

> Torf (i?/P,M) — ^ P®M 

> Torf(i?/P,Af)(g)Q J^^lS^ P®M®Q 

The top row is exact because Torf'(i?, M) — 0. The fact that P(g) M is torsion-free 
implies that g is injective. Thus god = {diSilQ)oh is injective, whence h is injective. 

(e) (or (e')) (a): To show M is fiat, it suffices to show Torf (i?/P, M) = 
for all P e Spec (R) (or in the situation of (e'), the Local Flatness Criterion implies 
it is enough to do so when P = m). Starting with the short exact sequence — > 
P ^ R^ R/P ^ 0, tensoring with M gives us the exact sequence 

Torf (P/P, M) ^ P(^ M ^ Rd) M 



4 



NEIL EPSTEIN AND YONGWEI YAO 



Then tensoring with Q gives us the exact sequence 





Torf M) (g) Q 

P®M®Q = (M ® Q) ®Q {Q ® P) 

M (g) Q = {M (g) Q) ®Q (0 (g R) 

Since M is fiat over Q and Q is flat over R, the map e (hence also the map 

d' g) 1q) is injective. Thus, Torf (i?/P,M) (g Q = 0, but since Torf (i?/P,M) is 
i?-torsion-free, Torf (i?/P,M) 0. 

Now we prove the equivalence of the conditions for faithful flatness: 

(i) =^ (ii): Since M is faithfully flat, M/pM R/p ®rM ^ Q for any 
p e AssL, so by Theorem!^ Ass(L g)^ M) = AssL. 

(ii) => (iii): This follows because we know that (b) implies (a). 

Finally, we show that (iii) => (i): Let N he any i?- module. Then N 
contains a non-zero cyclic i?-module which maps onto a simple _R-module, say L. 
By assumption, Ass(L (gj^ M) = AssL ^ 0, which implies L M ^ 0. As M is 
flat, L®rM ^0 forces iV g)i^ M ^ 0. □ 

We get a particularly nice statement in the case where R is reduced. 

Theorem 2.3. Let R he a reduced Noetherian ring, and let M he an R-module. 
The following are equivalent: 

(a) M is flat. 

(h) Assji{L (g/j A/) C Assji L for every R-module L. 

(c) L (gfl M is torsion-free for every torsion-free R-module L. 

(d) P ®R M is torsion-free for every P € Speci?. 

(e) Torj^ {R/P,AI) is torsion-free for every P e Speci?. 

//, in addition, R ^ S is a homomorphism of Noetherian rings, m G Max(i?), 
mS C Jac(S'), and M is a finite S -module, the ahove conditions are equivalent to: 

(d! ) mg)ijM is torsion-free. 

(e! ) Torf (i?/m, M) is torsion-free. 
In any case, the following are equivalent: 

(i) M is faithfully flat. 

(ii) Assjj(L ®R M) — Ass/j L for every R-module L. 

(iii) M is flat and Assji{L <Sir M) = Assr L whenever L is a simple R-module. 

Proof. Since R is reduced, Q := Q{R) is a product of finitely many fields, and hence 
all Q-modules are fiat over Q. Thus all implications follow from Theorem 12.21 □ 

Note that the assumptions on flatness over Q in Theorem 12 . 2 1 cannot be omitted. 

Example 2.4. Let R :— S/(4). Then since Speci? = {2i?} has only one element, 
every nonzero i?-module N satisfies Ass TV = Speci?. However, M :— i?/(2) is not 
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flat over R. To see this, consider the canonical injection j : 2R ^ R. Note that 
j <Xi_R 1a/ is the zero map, even though 2R M = 2R ^ 0, which means that M 
is not i?-flat. 

3. Regularity of local rings with a locally contracting 

endomorphism 

We begin this section with a general fact about associated primes via restriction 
of scalars through a ring homomorphism. It has been proved by Yassemi in greater 
generality as jYas98( Corollary 1.7], but we provide the following, simpler proof for 
the convenience of the reader. 

Proposition 3.1. Let J : R S he a homomorphism of commutative rings, where 
S is Noetherian. Let f* : Spec S —?> Spec R be the associated map on spectra. Let 
M be an S-module. Then /*(AsssM) = Ass^Af. 

Proof. First let q e Assg M. That is, q = anns z for some z € M. Then /*(q) = 
aniiRZ, so that /*(q) € AssrM. Thus, /*(AsssM) C AssrM. 

For the other inclusion, let p G AssrM. Then p = ann/j z for some z E M. 
Letting W := R\p and localizing R, S and M at W, we may assume without loss 
of generality that R is quasi-local with maximal ideal p. Now let N := Sz C M . 
Clearly iV ^ 0, so since S is Noetherian, there is some q € Assg N C Asss M . Then 
P Q but since p is maximal it follows that p = /*(q). Thus, /*(AsssM) D 

Assr M, which finishes the proof. □ 

Discussion 3.2. Take any ring homomorphism g : R S and any q S SpecS". 
Composing further with the localization map — > S'q , we get a ring homomorphism 
R^ Sq. For p G Spec R, this latter homomorphism extends to a map g' : Rp ^ Sq, 
defined by g'{a/x) = g{a) / g{x), if and only if g~^{c\) C p. Moreover, g' is a local 
homomorphism if and only if p = (7~^(q). That is, each prime ideal q G Spec 5 
induces a unique local homomorphism gq : — Sq given by gqia/x) = 

g{a) / g{x). Hence in the case where R = S, we get an induced local endomorphism 
5q : i?q — ^ Rq if and only if (p^^{q) — q. 

We fix a ring R and a ring endomorphism ip : R ^ R. For any i?-modulc A/, let 
'^M denote the {R-R)-bimodule which is isomorphic to M as an abelian group, where 
the image of any z G Af in '^M is denoted by ^z, and whose bimodule structure is 
given hy a ■ '^z ■ b := {ip'^ {a)bz) for any a,b £ R and any z e M. In other words, 
the right module structure is the same as its original structure, but the left module 
structure is via restriction of scalars through the endomorphism ip*^. As a final 
piece of necessary notation, for any i?-module L, let F'^{L) :— L^r'^R, considered 
as a right i?-module. That is, F^{L) is the (left) i?-module whose module structure 
is that of the right i?-module L ®r "^i?. We call F the functor induced by ip. 

This notation agrees with many authors' notation in the case where ^p is the 
Frobenius endomorphism. Indeed, many formulas familiar to characteristic p alge- 
braists still hold includi ng F^iRjL) ^ R/ip<'[I)R. 

Recall {e.g. |AIM06| ) that for a local ring (i?, m), a ring endomorphism ip : 
i? — > i? is contracting if there exists a positive integer n such that </j"(m) C m^. 
Globalizing this notion, we obtain: 

Definition 3.3. Let (/s : i? — ?► i? be a ring endomorphism, and let X C Speci?. 
If for all p G AT we have an induced local homomorphism (^p : Rp Rp (i.e. 
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ifi^^lp) = p) which is contracting, then we say ip is locally contracting over X. If 
X = {p} for some p S Speci?, we say if is locally contracting at p. If X = Speci?, 
we say ip is locally contracting. 

Examples 3.4. If is a contracting {resp. locally contracting over Maxi?) en- 
domorphism, so is (/j" for any positive integer n. We know of two main classes of 
locally contracting endomorphisms: 

• Let i? be a ring of prime characteristic p > 0. Then the Frobenius endomor- 
phism Lp : R ^ R defined by a i— >■ is a locally contracting endomorphism. 
To see that it induces the identity map on spectra, let q g Spec R. Since 
V'(ci) ^ ql^'l C q, we have q C (^"^(q). Conversely, suppose a £ ip^^{q). 
Then £ q, but since q is a radical ideal, a S q. 

• Let fc be a field, let X be an indeterminate over fc, and let R be either 
k[X](_x), HX], or k[X]/{X*) for some integer t > 0. Let n > 2 be an 
integer and let 1^9 : i? ^ i? be the unique fc- algebra homomorphism that 
sends X 1— >■ X". Then 95 is a locally contracting endomorphism. 

Lemma 3.5. Let ip : R ^ R be a locally contracting endomorphism. Then for 
all p G Speci?, we have ^ p{p)R = p. In particular, p'^(m)R is m-primary for all 
maximal ideals m and all positive integers e. 

Proof. The second statement follows from the first, since p^ is a locally contracting 
endomorphism. So let p € Speci?. By Discussion 13.21 p{p)R C p. On the other 
hand, take any q S Speci? such that p{p)R C q. Then p C p^^[q) = q (again by 
Discussion 13. 2p . which means that p is the unique minimal prime ideal of p{p)R. 
That is, p — \J (^(p)i?, as was to be shown. □ 

E. Kunz proved the following remarkable theorem, showing once again how cen- 
tral the notion of regularity is in commutative algebra: 

Theorem 3.6 ( |Kun69[ Theorem 2.1]). Let (i?, m) be a Noetherian local ring of 
prime characteristic p > 0. Let p : R ^ R be the Frobenius endomorphism, and 
otherwise use notation as above. If R is regular, then "^R is flat as a left R-module 
for all integers e > 0. Conversely, if there is some integer e > such that '^R is 
flat as a left R-module, then R is regular^ 

Avramov, Iyengar, and Miller recently proved a broad generalization, of which 
we use the following special case: 

Theorem 3.7 f |AIM061 part of Theorem 13.3]). Let (i?,m) be a Noetherian local 
ring admitting a contracting endomorphism p : R R. Then '^R is flat as a left 
R-module for some ( resp. all) e > if and only if (p{m)R is m-primary and R is 
regular. 

As final preparation for the main theorem of this section, we need the following 
lemma: 



Kunz's original theorem was stated in terms of the flatness of R over its subrings RP , so 
he made the additional necessary assumption that R was reduced. However, in our context, the 
reducedness of R follows from the assumption that '^R is ij-flat, and hence faithfully fiat. For let 
X £ R such that = 0. Then (x) d^ji "R = by flatness of the functor (— ) "R applied to 
the exact sequence — > (x) — >■ _R — > R/{x) — > 0, so x = by faithful flatness. Thus R is reduced. 
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Lemma 3.8. Let R he Noetherian and M an R-module. Then M is torsion-free 
if and only if [J Ass M C IJAssi?. If, in particular, R has no embedded primes 
(e.g. if it is reduced), then M is torsion-free if and only if Ass M C Assi?, and 
for any torsion-free R-module M , W~^M is a torsion-free {W~^R)-module for all 
multiplicative subsets W of R. 

Proof. The first statement is obvious from the definition. 

So suppose R has no embedded primes. If Ass M C Ass R, then clearly |J Ass M C 
U Ass R. So suppose IJ Ass M C [j Ass R. Let p e Ass M. Then p C\J Ass R, so 
by prime avoidance, there is some prime q with p C q g Ass R. But q is a minimal 
prime, so p = q. 

For the final claim, we use the usual bijective correspondence between {q G 
AssrN I q n = 0} and Assw-ir{W~'^N) (given by q i-> W^^^q) for i?-modules 
N. □ 

Example 3.9. The lack of embedded primes is a necessary condition in Lemma lSTSl 
To see this, let R := kfx, y, z]/{x'^,xy, xz), N := R/{x, y) = k\x, y, z\/{x, y) = k\z\, 
and p := {x, y)R. Since every non-unit of i? is a zerodivisor, every i?-module is 
automatically torsion-free, so that in particular TV is torsion-free. However, the 
image of y is a zerodivisor on iVp but not on i?p, so that is not torsion-free. 

As an application of our flatness criterion and the theorems of Kunz and Avramov- 
lyengar-Miller, we get the following regularity criterion: 

Theorem 3.10. Let R be a reduced Noetherian ring admitting a locally contract- 
ing endomorphism ip : R ^ R, and let F be the functor induced by ip ( e.g. if R 
has positive prime characteristic p, we can take if and F to be the Frobenius endo- 
morphism and the Frobenius functor respectively). The following are equivalent: 

(a) R is regular. 

(b) '^R is flat as a left R-module. 

(c) For every e > and every R-module L, Ass F'^{L) = AssL. 

(d) 3e > such that for every R-module L, Ass F^{L) C AssL. 

(e) 3e > such that for every P G Spec _R, F'^{P) is torsion-free. 

(f) 3e > such that for every m G Maxi?, F'^{m) is torsion-free. 

Proof. First, by Proposition 13.11 we have for any i?-module M that Assr '^M = 
[ip^YiAssR M). But by DiscussionlX^ {ip")* is the identity map, so {(p'')*{AssR M) = 
AssrM. Also, recall from Lemma [3.51 that if'^{m)R is m-primary for all maximal 
ideals m and all positive integers e. 

Next, for each maximal ideal m, we consider the commutative diagram: 



R ' 


> Rm 


A 




R - 


> Rm 



This theorem is not the most general theorem one can obtain. For instance, if one takes an 
endomorphism if which is only locally contracting over Max_R, and one replaces all the terms 
F''{L) (including the case L = m) with L '^i? {i.e. the Ze/t-module structure), then one still 
obtains: (b) =i- (c) =^ (d) =^ (e) =i- (a). If moreover ip{m)R is m-primary for all 
tn € Maxi?, then all the statements are equivalent. However, we stated the theorem in its present 
form since, in general, the left-module structure of L (g)^ R tends to be more complicated than 
that of F'={L). 
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Suppose that R is regular. Then for all maximal ideals m, Rm is regular. Hence 
by Theorem 13.71 and the fact that (p{m)R is m-primary, ^{Rm) is flat as a left Rm- 
module. But the commutativity of the diagram above shows that '^{Rm) = {'^R)m 
as left _R-modules. Since ('^i?)m is i?-flat for all maximal ideals m, it follows that 
'^R itself is flat over R. That is, (a) implies (b). 

The equivalence of statements (b)-(e) follows from Theorem 12.31 since as left 
i?-niodules, '^{F'^{M)) = M (8)^ ^R for any i?-module M (so that in particular, by 
the first paragraph of this proof, Ass(i^^(i)) = Ass(^(F'=(L))) = Ass(i (E)r '^i?)), 
and since '^i? is flat over R only if it is faithfully flat. This last statement follows 
because for any maximal ideal m, (R/m) (^b. ^R — '^{R/ V'^{'^)R) 7^ 0. 

As for statement (f), clearly (e) implies (f). Now suppose (f) is true. By 
Lemma [3781 F^(m)m is a torsion-free i?m-module for all m. But tracing through the 
commutative diagram above, we see that i^]^^^(mm) -Ffl(na)m, which, as we have 
already seen, is torsion-free. Then by Theorem 12.31 ^{Rm) is flat over Rm, so that 
by Theorem 13. 7[ Rm is regular. Since this holds for all maximal ideals m, R itself 
is regular. □ 

4. Divisibility 

The concept of divisibility of a module has not been used as much as that of 
torsion- freeness. Indeed, there are a number of non-equivalent notions! Most of the 
work on divisibility has been done in the context of integral domains, as in |FS92) . 
but one may extend many of the notions to a much more general context, as was 
done in [AHHTOSl. Given a commutative ring R and a multiplicative subset W of 
R, let 5* = Following the definitions given by Fuchs and Salce |FS92j in the 

case of integral domains, we say in general that an i?-module M is W -torsion-free 
if the multiplication map w : M — ^ M is injective for all w S (or equivalently, 
the natural map M ^ S €5^ M is injective). We say M is W -divisible if the map 
w : M ^ M is surjective for all w S W. We say M is hw -divisible if M is an R- 
quotient of a free S'-module. In the case where W is the set of all non-zerodivisors 
of i?, we use the terms torsion-free, divisible, and h-divisible respectively. 

Note that h^y-divisibility implies VF-divisibility, for if z € M, w € W, and tt : 
F ^ Af is a surjective i?-linear map with F a free (VF~^i?)-module and tt{u) — z, 
then wg{{\lw)u) = z. 

We start this section with a couple of characterizations of hvi/-divisibility. 

Lemma 4.1. Let R be a ring, M an R-module, W a multiplicative subset of R, 
and S := W~^R. The following are equivalent: 

(a) M is hw -divisible 

(b) The natural evaluation map e : Homij(S', Af) — >■ M which sends f i— > /(I) 
is surjective. 

(c) There is a surjective R-linear map from an S-module onto M . 

Proof. First suppose M is hiy-divisible. Let be a free 5-module such that there 
is surjective i?-linear map p : F ^ M . Pick z e M , and f & F such that p{f) = z. 
Since F is an S'-module, there is a unique S-linear map g : S ^ F (which is 
therefore i?-linear) such that g(l) = /. Then {p o g) : S M is an i?-linear map 

■^In this generality, we have to aUow the possibihty that G W, in which case S = W~^R is 
the zero ring. But this causes no real problems, as the only 5-module is 0, which is injective, flat, 
divisible, and torsion-free over S. 
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such that e{p o g) ~ p{g{l)) ~ p{f) ~ z. Thus, e is surjective, which means that 
(a) imphes (b). Clearly (b) implies (c). 

To show that (c) implies (a), suppose there is a surjective i?-linear map tt : G -» 
M from some S'-module G. Let p : _F ^ G be an S'-linear map where -F is a free 
S'-module. Then the map tt o p : F ~» M demonstrates that M is hvi/-divisible. □ 

Next, we give a characterization of modules which are both W- (or hvy-) divisible 
and M^-torsion-free. 

Lemma 4.2. Let R be a ring, W a multiplicative set, and M an R-module. Let 
S := W^^R. The following are equivalent: 

(a) The canonical localization map g : M ^ W~^M is an isomorphism. 

(b) The R-module structure on M extends to an S -module structure. 

(c) The canonical evaluation map h : Homj7 (S', Af ) — > M is an isomorphism. 

(d) The R-module M is W -torsion-free and hw -divisible. 

(e) The R-module M is W -torsion- free and W -divisible. 

Proof, (a) =4> (b): Use the S'-module structure of W^^AI. 

(b) (a): This follows from the universality of the localization map. 

(b) (c): Since = S, we have: 

Hom^XS", M) ^ Homfl(S', Homs(S', A/)) ^ HomglS" (^a, S, M) 
= HomslS,!/) = M. 

(c) (b): Use the S'-module structure of Homfl(S', A/). 

[(a) and (c) together] (d): g is injective and h is surjective. 

(d) ==^ (e): Any hv^-divisible module is V7-divisible. 

(e) =^ (a): Since the injectivity of g is one definition of 14^-torsion-freeness, it 
suffices to show g is surjective. Let z € M and w E W. By VF-divisibility of M, 
there is some y € M with wy = z. Clearly g{y) — z/w. □ 

For an integral domain R, Matlis [Mat64| defined an i?-module M to be h- 
divisible if it was a quotient of an injective module, so the casual reader may think 
there is a conflict of terminology. However, we have the following: 

Proposition 4.3. Let R be a reduced ring with only finitely many minimal primes 
(e.g. a reduced Noetherian ring, or any integral domain). Let Q be its total ring 
of fractions, and let M be an R-module. Then M is a quotient of an injective R- 
module (i.e. h-divisible in the sense of Matlis) if and only if it is an R-quotient of 
a free Q-module (i.e. h-divisible in our sense). 

Proof. Let TV be any Q-module, free or not. Since Q is a product of finitely 
many fields, N is injective over Q. From the natural isomorphism of functors 
Homfl(— ,iV) ^ HomQ(Q (E)b^ —,N), the i?-fiatness of Q combined with the Q- 
injectivity of N implies that N is i?-injective. Thus, any i?-quotient of N is an 
i?-quotient of an injective i?-module. 

Conversely, let E be an injective i?-module. There is some free i?-module T = 
©ig/i? and a surjection p : T ^ E. Let F :— (BieiQ and j : T ^ F the obvious 
injection. Since E is i?-injective, the map p : T E extends along j to a map 
q : F ^ E, and q is surjective because p is. Thus, if M is a quotient of the injective 
i?-module E, it is the i?-quotient of the free Q-module F as well. □ 
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As a corollary, we get an extension to reduced rings of a well-known criterion 
involving injectivity, torsion-freeness, and divisibility. 

Corollary 4.4. Let R be a reduced ring with only finitely many minimal primes. 
Let M be a torsion-free R-module. The following are equivalent: 

(a) M is h-divisible. 

(b) M is divisible. 

(c) M is injective. 

Proof, (a) (b): Any h-divisible module is divisible. 

(b) (c): By Lemma [4.21 M is a Q-niodule, where Q is the total quotient 
ring of R. But then by the first paragraph of the proof of Proposition 14.31 M is 
i?-injective. 

(c) =4> (a): This follows from Proposition 231 O 

Although every h-divisible module is divisible, the converse is often not true. 
Matlis |Mat60| showed that for an integral domain R, the two notions are equivalent 
if and only if projdim^Q < 1. On the other hand, Kaplansky |Kap66| showed 
that if i? is a polynomial ring in > 2 variables over an uncountable field, then 
projdim^Q > 2. 

However, for certain classes of modules, the two notions are always equivalent. 
For a Noetherian ring R, recall that an injective cogenerator is an injective R- 
module E with the property that for any nonzero i?- module M, Homfl;(M, E) ^ 0. 
(These always exist. A popular choice is to let E := 0mgMax(_R,) Eii{R/m).) 

For an i?-module M, let := Homi^(M, i?), and similarly for morphisms to 
create a (contravariant) duality functor. 

Proposition 4.5 i [Ric06[ Proposition 1.4 and main text]). Let R be a Noetherian 
ring, E an injective cogenerator for R, and (— )^ := Hom/j'(— ,£') the corresponding 
duality functor. Let M , N be R-modules. 

(1) For any R-linear map g : M N, g is injective (vesp. surjective) if and 
only if g^ is surjective ('resp. injective). 

(2) M is injective ('resp. flat) if and only if is flat ('resp. injective). 

(3) Torf (M, NY ^ Ext*fl(M, N^) for all i > 0. 

(4) IfM is finitely generated, then Extfl(Af, NY = Torf (M, N"^) for all i > 0. 
This duality functor helps in examining properties of torsion-freeness and divis- 



Lemma 4.6. Let R be a Noetherian ring. Let W be a multiplicative subset of R. 
Let E be an injective cogenerator for R, and {~Y corresponding duality functor. 
Let L be an R-module. We have: 

(1) L is W -divisible if and only if is W -torsion-free. 

(2) The following are equivalent: 

(a) is W -divisible. 

(b) L is W -torsion-free. 

(c) is hw -divisible. 

(3) In particular, if R is complete local and L is Noetherian or Artinian, then 
L is W -divisible if and only if it is hw -divisible. 

Proof. (1): L is W^-divisible -4=> L ^ Lis surjective for b\\w €W -4==> ^ 
is injective for all u; G L'^ is W-torsion-free. 



ibility: 
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(2): (a) <^ (b): is ly-divisible if and only if Vw £ VF, i"^ ^ L"" is 
surjective, if and only if Vw G W , L A L is injective, if and only if L is VF-torsion- 
free. 

(b) (c): Let S := W^^R. If L is W^-torsion-free then the natural map 
j : L ^ S L is injective, whence : (S* (X)^ i)^ — > is surjective. But since 
{S (8)_R i)^ is an S'-module, Lemma [411 shows that is hv^-divisible. 

(c) =^ (a): Any hv^-divisible module is ly-divisible. 

Statement (3) follows from Matlis duality. □ 

Finally, it is worth giving an analogue of the localization portion of Lemma 13.81 
for divisible and h-divisible modules: 

Proposition 4.7. Let R be a Noetherian ring with no embedded primes, and M 
an R-module. Let W be a multiplicative subset of R. If M is divisible ( resp. 
h-divisible) over R, then W~^M is divisible (resp. h-divisible) over R. 

Proof. If e W, then W~^R is the zero- ring, so all modules over it are h-divisible. 
Thus, we may assume that ^W. 

We begin by setting up some notation: Let Xi :— {p e Mini? | p n 7^ 0}, 
and X2 := Mini? \ Xi = {p e Mini? | p n 1^ = 0}. Let S := R\i\J Mini?) and 
T R\i[j X2). We wiU use the convention that (j = and f] ^■ 

Next, we prove two claims: 
Claim l3 Take any c € T {i.e., c/1 is a non-zerodivisor of W^^R). We can find 
w Cz W and r G i? such that wr = and wc -I- r is a non-zerodivisor of R. 

Proof of Claim 1. By assumption Min i? = Ass R. 

Since the primes in Min i? are mutually incomparable, and since every p €E Xi 
intersects W , prime avoidance allows us to choose w € {{^Xi) (^W \ and 
re (n^2)\(U^i)- Asc^U^2, wehaveu;ce (nXi)\(UX2). 

Note that wr G QMini? — -\/0, so there is some n with ^"r" — 0. Replace r 
and w with r" and respectively and all the above conditions hold. 

Now, for any p G Xi, note that wc ^ p but r ^ p, so that wc + r ^ p. Similarly, 
for any q g X2, we have r € q but wc ^ q, so that wc -\- r ^ q. That is, wc -\- r ^ 
(U ''^i)U(U ^2) = U Mini? = IJ Ass i?, which means that wc-\-r is a non-zerodivisor 
of i?. □ 

Claim 2: W^^Q{R) = Q{W~^R), where Q(— ) is the function that sends each 
ring to its total quotient ring. 

Proof of Claim 2. Note that S, T, and W are all unital semigroups 

Let SW {resp. TW) be the unital semigroup generated by S and W {resp. T 
and W). Clearly, we have W-^Q{R) {SW)-^R and QiW-'^R) ^ {TW)-^R. 
Since SW C TW, the latter ring is a localization of the former. On the other 
hand, let c € T = TW (where equality holds because W C T), and pick w, r as 
in Claim 1. Then w'^c = w{wc -|- r) G WS, so that c/1 is already invertible in 
{SW)'^R^W-^Q{R). □ 

Now suppose M is divisible. Let c/1 be a non-zerodivisor of W~^R (so that 
c G T), let w, r be as in Claim 1, and let x G M. Then there is some y G M such 



■^The idea for this claim came from the proof of |AHH93l Lemma 3.3(a)]. 
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that X = {wc + r)y. But then 

wc + r wc wr wc 
i ^ T ^ ~ ~ T 
in W~^R^ since w €W and wr — 0. So 

X wc + r J/ wc y c wy 

T ~ i T ~ T ' T ^ T ' 1~ 

in W-'^M. That is, x/1 is divisible by c/1. Thus, W^'^M is divisible as a (W^-^i?)- 
module. 

Finally, suppose M is h-divisible. Then it is a homomorphic image of a free 
Q(i?)-module F. But then VF-^F is a free module over = Q{W-^R) 

(by Claim 2), and the localization at W preserves the surjection onto M, so W~^M 
is a (W^^i?)-homomorphic image of a free (5(W^~^i?)-module. Thus W^^M is h- 
di visible over W~^R. □ 

5. COASSOCIATED PRIMES AND HOM MODULES ALONG A BASE CHANGE 

Let i? be a commutative Noetherian ring. 

MacDonald [Mac73j and Kirby [KirZ3J independently proved a dual for Artinian 
modules to the Lasker-Noether primary decomposition theorem for Noetherian 
modules. (In the sequel, we use Macdonald's terminology.) In this theory, a nonzero 
i?-module Al is called secondary if for all r G R, the map r : M M (left multi- 
plication by r) is either surjective or nilpotent. The annihilator of such a module 
always has a prime radical, and if p = %/ ann M for a secondary i?-module Af , M is 
called p- secondary. One says that an i?-module M has a secondary representation 
if one may express it as a finite sum of the form: 

n 

i=l 

where each Mi is p^-secondary, for a set {pi,...,p„} of pairwise-distinct prime 
ideals. Macdonald shows that if such a representation exists, then it has uniqueness 
properties dual to those enjoyed by primary decompositions. In particular, if one 
takes an irredundant such representation, then the set of prime ideals involved is 
unique. If such a representation exists, then the p^ are called the attached primes 
of M, and we write AttM = {pi, . . . ,p„}. Macdonald and Kirby show that any 
Artinian module has a secondary representation. 

However, not every i?-module has a secondary representation. There is, however, 
a notion of coassociated primes (Coass) of an arbitrary i?-module, by Chambless, 
dual to that of the associated primes: 

Definition 5.1. |Cha8H p. 1134] Let R he a. Noetherian ring, M an i?-module, 
and P G Spec R. We say that P is coassociated to M if there is some nonzero 
factor module TV of M which is hollow {i.e. N cannot be written as the sum of two 
proper submodules) such that P = {a E R \ aN ^ N}. The set of all such primes 
is written Coass M. 

We collect below some established facts about Coass and Att: 

Proposition 5.2. Let R be a commutative Noetherian ring: 

(1) If M ^ N is a surjection of R-modules, then Coass iV C Coass M. [ChaSH 
Lemma 3 on p. 1136] 
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(2) // — > L — > A/ — > — > is a short exact sequence of R-modules, then 
CoassM C CoassLU CoassiV. [Zos83| Lemma 2.1(a)] 

(3) U CoassM = { xeR\ xM ^ M}. |Z6s831 Folgerung 1 on p. 129] 
nCoassAf D VamiM. |Zos831 Folgerung 1 on p. 129] 

(5) If M has a secondary representation, then Att Af = CoassAi^. |Yas95[ 
Theorem 1.14] 

(6) Let M be a nonzero R-module. Then Coass M ^ % . |Yas95| Theorem 1.9] 

(7) Let p e Speci?, q a ^-primary ideal, and E an injective R-module. Then 
(0 q) is either or p-secondary. 'S ha761 Lemma 2.1] 

(8) Let g : R ^ S be a ring homomorphism, with S Noetherian, and let M 
be an S-module. Consider M to be an R-module via restriction of scalars 
along g. Then g*{Coa.sss M) C CoassR M . [DAT991 Theorem 1.7(i)] 

Theorem 5.3. Let g : R ^ S be a map of Noetherian rings. Let L be a finite 
R-module, and let M be an S-module which is injective over R (via the R-module 
structure given by restriction of scalars). 

(1) For any p G Speci?, we have 5*(Coass5(0 -.m p)) ~ Coassfl(0 -.m P) Q {p}- 

(2) CoasssHomfl(L,A//) = UpeAssn l '^o^'^^^CO :m P)- 

Proof. To prove ([T]) we use parts (5)-(8) of Proposition 15.21 Namely, let L :— 
(0 :m P)- If i = 0, then both Coass/ji and Coassg i are empty. Otherwise, 
by I5.2f 6]). we have Coassg i ^ and Coass^i ^ 0. But then bv \b.2\ 7). L is 
p-secondary as an i?-module, so that bv I5.2r 5). Coassj^L = {p}. Then bv I5.2f 8'). 
7^ g*{Goasss L) C Coass^ L = {p}, so that g*{Coa.sss L) = {p}, completing the 
proof. 

It remains to prove For one inclusion, let p e Ass^ L. Then there is an 
injection — !■ R/p — !■ i, which when we apply IIom;j(— , A/), yields an exact 
sequence 

Hom,j(L, M) ^ (0 :m P) ^ 0. 

Now it follows from Proposition l5.2f 1) that Coass5(0 -.m P) Q Coasss Homij(i, M). 

For the reverse inclusion, let P £ Coassg Homii;(L, Af ). Since L is finitely gen- 
erated and R is Noetherian, setting Ass_r L = {pi, . . . , p„} the i?-submodule C i 
has a minimal primary decomposition 

such that L/Ki is p^-coprimary. We get an injection 

i=i 

which leads to a surjection 



n 

llomB.{L/Ki, M) Homi^XL, M) -> 0. 

i=l 
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Thus, by Proposition 15. 2( 1 and 2) 

n 

CoasssHomfl,(L,M) C Coasss(0 Homfl,(L/A'j, M)) 

i=l 

n 

= y Coass5Honifl(i/i^j,M) 

1=1 

Since P G Coasss Homfl(i, M), we have P e Coasss Homj^(L/Xi, Af ) for some i. 
Let L' := L/Ki for this choice of i, and let p :— pi- 
Claim 1: g-\P) = p. (That is, g*{P) = p.) 

Proof of Claim 1. Since L' is p-coprimary, there is some positive integer k such that 
p^'V = 0. Hence g{p)'' YIouyr{L' , M) = 0. That is, ^(p) C ^ann^ HomH(L',M). 
But then by Proposition 15.2( 4). g{p) C Q for every Q G Coassg Homij(L', Ai^), so 
that in particular, p C g~'^{P). 

Conversely, let a; G i? \ p. Since L' is p-coprimary, we get an exact sequence pf 
i?- modules 

^ L' 4 L', 

which induces an exact sequence of 5-modules: 

Homfl.(L', M) Homij(L', M) ^ 

But then by Proposition l5.2r 3). g{x) is not in any coassociated prime of Hom;j(L', M). 
In particular, g{x) ^ P, whence x ^ g^^{P). This shows that g^^{P) C p, which 
completes the proof of the Claim. □ 

Since L' is finitely generated over the Noetherian ring R, there is a prime filtra- 
tion 

Q ^ No <Z Ni <Z ■ ■ ■ <Z Nt ^ L' , 

such that for each 1 < j < t, Nj/Nj^i = R/(\j, where the are prime ideals of R. 
Claim 2: For each 1 < j < t, 

3 

CoasssHomi^(7V, , A/) C (J Coass^ Homij(i?/q;, M) 

1=1 

Proof of Claim 2. We proceed by induction on j. When j = 1, we have A^^i = R/qi, 
so there is nothing to prove. 

So let j > 1, and assume the claim for j — 1. We have a short exact sequence of 
i?- modules 

Nj_i Nj R/q-j -> 0, 
which induces a short exact sequence of ^-modules 

UomR{R/qj,M) llomR{Nj,M) Homfl(iVj_i, A/) 0. 
Thus, by Proposition [52l2), 

Coasss llomii{Nj,M) C (Coasss Homii(iV,_i, A/)) U Coasss RomR{R/qj,M) 

j 

— U Coassg Hom/;(i?/q;, A'f), 
1=1 

as was to be shown. □ 
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In particular, since L' = Nt, 

t 

CoasssHomij(L',M) C (J Coasss Homij(i?/qj, M), 

so that since P S Coasss Hom/(' (L', Af ), there is some j such that 

P e Coassg Hom/j(i?/qj, Af) = Coass5(0 -.m 

But then by part ([T]), g^^{P) G Coassfl,(0 :m q^) C {q^}, so that p = g^^{P) = 
and P e Coass5(0 :m P), completing the proof since p e Ass/; i. □ 

6. INJECTIVITY CRITERIA 

We begin this section with a partial dual of Theorem 11.11 This result may be 
known to experts; however, we could not find it in the literature, and so we give a 
proof of it here for completeness. 

Theorem 6.1 (A local injectivity criterion). Let {R,m,k) — > {S,n,£) be a local 
homomorphism of Noetherian local rings, and let M be an Artinian S-module. 
Then M is injective over R if and only if Ext]j(fc, M) ~ 0. 

Proof. We only need to prove the "if" direction. So suppose Ext]j.(fc, M) = 0, 
and assume for the moment that S = S ~ that is, S is n-adically complete. Let 
E' := Esi£). 

First note that for any ideal / of R, we have 

Homs(Ext^(i?//,A/),£;') ^ Torf (i?//, Hom5(Af, E')). 

To see this, consider the (natural) right-exact sequence 

M Homij(/, M) Ext^(i?//, M) 0, 

then apply the exact functor IIom5(— , £"), and note that Honrs (Homfl'(/, Af), E') = 
I (gjfl Horns (Af, E') in a natural way. 

Thus, Torf (fc,Homs(Af,£;')) = Homs(Ext]j(fc, Af), £;') = RomsiO,E') = 0, but 
by Matlis duality we have that lioms{M,E') is a finite ^-module, so by the Local 
Flatness Criterion, we have that Homs(Af, E') is flat as an i?-module. In particular, 
for any ideal / of i?, we have 

= Torf (i?//,Homs(A//,i;')) = Homs(Ext^(i?//, Af), i;'). 

But since E' is an injective cogenerator in the category of 5-modules, it follows 
that Ext)j(i?//, Af) = 0. Since I was arbitrary, Baer's criterion then shows that Af 
is injective over R. 

Finally, remove the assumption that S is complete. Since Af is Artinian over S, 
it has a natural structure as an Artinian module over S, in such a way that the 
restriction of scalars to S gives the original S'-module structure of Af . Thus, we 
may replace the map R ^ S with the composite map f? — > S* — > 5, and then by 
the above argument, it follows that Af is injective over R. □ 

Theorem 6.2. Let R be a Noetherian ring and Af an R-module. Let Q be the total 
quotient ring of R. The following are equivalent: 

(a) Af is injective. 

(b) Homjj((3, Af) is injective over Q, and Hom/j(L, Af) is h-divisible for every 
torsion-free R-module L. 



16 



NEIL EPSTEIN AND YONGWEI YAO 



(c) Honii^((3,M) is injective over Q, and Honifl(P, M) is h-divisible for every 
P e Speci?. 

Moreover, if{R,m, k) — >■ (5', n, is a local homomorphism of Noetherian local rings 
and M is an Artinian S-module, then the following condition is also equivalent to 
the above three: 

(d ) Honii^((5, Af ) is injective over Q, and Honifl(m, Af) is an h-divisible R- 
module. 

Proof, (a) (b): For the first statement, recall that if ^ _B is any ring 

homomorphism and I is an injective A-module, then Hom^(i3,/) is an injective 
S-modulc. For the second statement, let i be a torsion-free i?-module. Since L 
is torsion-free, the natural map L ^ L (8)^' Q is injective. Since M is an injective 
module, this implies that the map C :— Homfl'(L Q,M) Homj^(i,M) is 
surjective. But as C is a Q-modulc, Lemma [4.11 now implies that Hom/j(L, Af) is 
h-divisible. 

(b) ==> (c): Every ideal of R is torsion- free. 

(c) =4> (c'): Obvious. 

(c) (or (c')) (a): By a version of Baer's criterion, we need only show that 

the natural map Homfl(i?, A/) Homfl(P, Af) is surjective for every P G Spec R. 
(In the situation of (c'), it suffices (by Theorem 16. 1|) to show this map is surjective 
for P = m. So in that case, we fix the notation P = m for the remainder of the 
proof.) Consider the commutative square: 

Homfl(Q,A/) — ^ RomR{Q(g)RP,M) 

'aomR{R,M) — ^ Homfl(P,Af) 

Since the natural map P ^ P is injective and Q is flat over P, the corresponding 
map Q ®R P — Q of Q-modules is also injective. Then since Hom/j((5,Af) is 
injective over Q, we have that 

HomQ(g, HomflXQ, Af)) -> HomQ(g ®r P, Homfl.(Q, Af)) 

is surjective. But up to canonical isomorphism, the displayed map may be identified 
with the map h. Hence h is surjective. 

On the other hand, the source module of g is canonically isomorphic to the 
module Hom/^((5, Homfl;(P, Af)), in such a way that for any a : Q — )■ Homi{(P, M), 
g{a) = a(l). By Lemma [4.1[ the fact that Homi^(P, A/) is h-divisible means that 
g is surjective. 

We have shown that goh ~ f o g' is surjective, which implies that / is surjective, 
as required. □ 

In the reduced case, we get a longer list of equivalent conditions for injectivity, 
as well as some equivalent conditions for being an injective cogenerator. 

Theorem 6.3. Let R be a reduced Noetherian ring and let M be an R-module. 
The following are equivalent: 

(a) M is injective 

(b) Coass_R Homij(L, Af) C Ass_rP for every finitely generated R-module L. 

(c) Homii;(P,Af) is h-divisible for every torsion-free module L. 
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(d) }lomii{L, M) is divisible for every finite torsion-free module L. 

(e) Homfl(P, M) is h- divisible for every P G Spcci?. 

(f) Honi/j(P, A/) is divisible for every P € Speci?. 

(g) Extjj (i?/P, Af) is divisible for every P S Speci?. 

Moreover, if (i?, m, k) — >■ (S', n, t) is a local homomorphism of Noetherian local rings 
and M is an Artinian S-module, then the following conditions are also equivalent 
to M being injective: 

(f ) Homfl(m, Af) is a divisible R-module. 

((f ) Ext^(fc, Af) is a divisible R-module. 
In any case, the following are equivalent: 
(i) M is an injective cogenerator. 

(a) Coass/j Hom^(L, M) = Assn L for every finitely generated R-module L. 
(iii) M is injective and Coass/f Homj^'(_L, Af) ~ Ass^ -L whenever L is a simple 
R-module. 

Proof. Note first that conditions (a), (c) and (e) are equivalent by Theorem 16.21 
Next, we will show first that (a), (b), (d), (f), (g), (f) and (g') are equivalent: 
The fact that (a) (b) follows from Theorem 15.31 

To see that (b) (d), let L be a torsion-free i?- module. Then we have 

Coass Homfl(L, A^) C Ass^?, L C Assi?, 

from which it follows that IJ CoassHomfl(L, Af ) C [J Ass R — the set of zerodivisors 
of R. But then by Proposition 15.2^ 3') . it follows that every non-zerodivisor of R 
acts surjectively on Homi{(L,A^). That is, Homfl(L, Af) is divisible. 

Now let E := 0n,gMax(fl) ^BiR/y^)-, and let (— )^ := Homfl(— be the asso- 
ciated duality functor. By Proposition 14. 5r 2). Af is injective if and only if Af^ is 
flat. For any finite _R-module L, Proposition 14.5( 4) implies that Homi^(i,A/)^ = 
L®R KP^ and Ext)j(L,Af)^ ^ Torf (i, A//^). Thus, the equivalence of conditions 
(a), (d), (f), and (g) follows from Theorem [231 and Proposition l4.5l The implication 
(f) =^ (g') follows from the fact that Ext)j(fc,A4^) is a homomorphic image of 
Homfl(m, Af ). Moreover, it is clear that (f) => (f) and (g) (g'). 

To see that (g') =4> (a) under these conditions, suppose (g') holds. If i? is a 
field, then M is clearly injective. Otherwise, let a; € m be a non-zerodivisor. Then 
X acts surjectively on E :— Ext)j(fc, Af) (since E is f?-divisible) , but also x kills E 
(since iJ is a /c-module), so i? = 0. The conclusion then follows from Theorem 16. II 

Finally, we show the equivalence of conditions (i), (ii), and (iii). To see that (i) 
(ii), let p € AssL. Then there is an injection — >■ R/p — L, which when we 
apply Homfl(— , Af), yields an exact sequence 

Homi^(i:,Af)^(0:Mp)^0. 

Now, Coass(0 :m p) C CoassIIomfl(L, Af ) by Proposition I5.2r i). so it suffices to 
show that p e Coass(0 :m P)- We have (0 :m p) = Homfl(f?/p, Af ) ^ since Af 
is an injective cogenerator. But then by Proposition 15.2( 6). Coass(0 :m p) 7^ 0, so 
that by Theorem 15.3( 1). it follows that p g Coass(0 :m P)- 

The implication (ii) (iii) holds because (ii) (b) (a). 

Finally, we show that (iii) (i), we need to show that for any nonzero R- 

module N, Homij(iV, Af) ^ 0. The module N contains a cyclic module C, which 
maps onto a simple module L = R/m for some maximal ideal m. By assumption, 
CoassHomij(L, Af ) = AssL — {m}, which certainly implies Homij(L,Af) ^ 0. But 
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Ilomii{L, M) is a submodule of Hom/j;(C, M), and since M injective, Honii? (C, M) 
is a quotient module of tlomii{N, M). Hence, Homij(A^, M) ^0. □ 

Remark. There is, of course, the temptation to adapt the proof of Theorem 16.31 in 
order to add more equivalent conditions to Theorem 16.21 This is indeed possible. 
For example, when R, Q, and M are as in Theorem l6.2[ then M is injective if and 
only if "Q ®r is flat over Q and Homfl(L,M) is divisible for every finitely 
generated torsion free -R-module L." However, such sets of conditions seem too 
unwieldy to merit theorem status, especially since, as far as the authors know, all 
such condition sets require explicit use of the duality functor. One might hope, 
for instance, that the flatness of Q (g) would be equivalent to the injectivity of 
Homfl((5, M). However, one almost never has ^^OTtv^iQ, M)^ = Q ®fi M'^ , so such 
equivalences seem unlikely. 
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